CONSTANT ANGLE SURFACES IN §3(i) x M 
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Abstract. In this article we study surfaces in S^(l) x K for which the R-direction 
makes a constant angle with the normal plane. We give a complete classification for such 
surfaces with parallel mean curvature vector. 



1. INTRODUCTION 

In recent years, there has been done some research about surfaces in a 3-dimensional 
Riemannian product of a surface M^(c) x M ([H |9l [HI [H], etc.), where M^(c) is the 
simply-connected 2-dimensional space form of constant curvature c, in particular M^(c) = 
§2 for c = 0, -1, 1 respectively. 

Recently, constant angle surfaces were studied in product spaces M.'^{c) x M (see [3llll[5l|6l 
[T2l [T3] ) , where the angle was considered between the unit normal of the surface M and the 
tangent direction to M. For example, F. Dillen et al. gave the complete classification for 
constant angle surfaces in x M in The problem of constant angle surfaces was also 
investigated in the 3-dimensional Heisenberg group (see [8]) and in Minkowski space (see 
|10]). In [15], R. Tojeiro gave a complete description of all hypersurfaces in the product 
spaces S" X M and x M that have flat normal bundle when regarded as submanifolds 
with codimension two of the underlying flat spaces M"'"'"^ D x M and L"'"'"^ D H" x M. In 
[7], helix submanifolds in Euclidean space were studied by solving the Eikonal equation. 
The applications of constant angle surfaces in the theory of liquid crystals and of layered 
fluids were considered by P. Cermelli and A. J. Di Scala in [2]. 

In this article we study surfaces in S^(l) x R for which the M-direction makes a constant 
angle with the normal plane. In Section 2, we first review some basic equations for 
constant angle surfaces in S^(l) x R. In Section 3, we will prove that the constant angle 
surfaces in S^(l) x R with parallel mean curvature vector are minimal (see Theorem [1]). 
In Section 4, we will give a complete classification for minimal and constant angle surfaces 
in §3(1) X R (see Theorem [3]). 



2. Preliminaries 

Let M = X R be the Riemannian product of S'^(l) and R with the standard metric 
(, ) and the Levi-Civita connection V. We denote by t the (global) coordinate on R and 
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hence dt = is the unit vector field in the tangent bundle r(S^(l) x M) that is tangent 
to the M-direction. 

For p G S'^(l) X M, the Riemann-Christoffel curvature tensor R of S^(l) x M is given by 

{R{X,Y)Z,W) = (X§3(1), H^§3(l))(y§3(l), Z§3(1)) - (X§3(1), Z§3(l))(y§3(l), H^§3(1)), 

where X, Y,Z,W e Tp{E>^{l) x M) and X§3(i) = X - {X, dt)dt is the projection of X to 
the tangent space of §^(1). 

Now consider a surface M in §^(1) x M. We can decompose dt as 

<9t = sin6'r + coseC, (2.1) 

where 6 is the angle between ^ and (9t, f is a unit normal vector to M and T is a unit 
tangent vector to M. 

For a constant angle surface M in S^(l) x M, we mean a surface for which the angle 
function 9 is constant on M. There are two trivial cases, 6* = and ^ = f • The condition 
^ = means that dt is always normal, so we get a surface T? x {to}? where is a surface 
in S^(l). In the second case, dt is always tangent. This corresponds to the Riemannian 
product of a curve in S^(l) and M. 

From now on, in the rest of this paper, we only consider the constant angle surface M 
with constant angle 9 G (0, |). We extend {T, ^} to an orthonormal frame {T, Q, ^, 77} on 
S^(l) X M, where T, Q are tangent to M and ^, 77 are normal to M . Since 9t is a parallel 
vector field in §'^(1) x R, we can obtain from (12. ip that, for any X G TM, 

= Vx<9t = sin 9VxT + sin ^/i(X, T) - cos ^A^X + cos 9Vxi, (2.2) 

where we use the formulas of Gauss and Weingarten, h is the second fundamental form 
of M, is the shape operator associated to and V"*" is the normal connection. 

Comparing the tangent part and the normal part in (12.21) . we have 

VxT = cot 9Ai:X, 

(2 3) 

h{X, T) = - cot 9V^i. ^ ■ ' 

From (12. 3p . we have 

{A^X, T) = {A^T, X) = 0, VX G TM, 

that is, 

A{r = 0. 



Therefore, we can suppose the shape operators with respect to ^ and r] are, respectively, 
where X, l3j {j = 1, 2, 3) are smooth functions defined on the surface M. 



From fl2.3p . we obtain that 



VtT = 


- VtQ = 0, 


VQr = 


= A cot 9Q, 


^qQ = 


= -A cot 9T, 


h{T,T) 


= PiV^ 


h{T,Q) 


= /32?7, 


h{Q,Q) 


= Ae + /Ss^, 


v^e = 


— tan6'/3i77, 




tan^ 




— tan^/32^, 


Kv = 


tan6'/32C. 



(2.5) 



(2.6) 



(2.7) 



Now we can take coordinates (x, y) on M with = /3T, (9j^ = aQ where /3, a are positive 
functions. From (12. 5p and the condition [dx-, dy\ = 0, we find that 



/3y = 0, 

= a(3X cot 6. 



(2. 



Equation (12. 8p imphes that, after a change of the x-coordinate, we can assume /3 = 1 and 
thus the metric takes the form 

ds'^ = dx^ + a^(x, y)dy^. 

The Gauss and Ricci equation are, respectively, given by 

{R{T, Q)Ty = R{T, Q)T + Auij,T)Q - A^q,t)T, 
{R{T, Q)r])^ = R^{T, Q)r] + h{A^T, Q) - h{A^Q, T), 

where 

R{X, Y)Z =((F, Z) - {Y, dt) (Z, dt))X - ((X, Z) - {X, dt){Z, dt))Y 

- {{Y,Z){X,dt) - {X,Z){Y,dt))dt,\/X,Y,Z e T{S'{1) x M) 
R^iT, Q)rj =(V^V^ - V^V^ - Vf^,Q])r/. 

The Codazzi equations are 

{R{T,Q)T)^ = {V^h){Q,T) - (Vj/i)(T,T), 
{R{T,Q)Q)^ = {V^h){Q,Q) - {%h){T,Q), 



where {Vjch){Y, Z) = Vj^{h{Y, Z)) - h{V xY, Z) - h{Y, VxZ) for any X,Y,Z e TM. 
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By a direct computation with fl2.5p -( l2?711 . the equations of Gauss, Ricci and Codazzi yield 

cot^ 9 + X^cote + cos^ 9 + (3if3s - (3l = 0, (2.9) 

^^^''^ + A cot ^ sec^ ef3i - A cot OfS^ - (/Jg)^ = 0, (2.10) 



a 



my 



a 



2Acot^^2-(/32)x = 0. (2.11) 



3. Constant angle surfaces with parallel mean curvature vector 

In this section, we will discuss the constant angle surface M with parallel mean curvature 
vector in §^(1) X M. In fact, we have 

Theorem 1. If M is a constant angle surface in S'^(l) x R with parallel mean curvature 
vector H, then H = 0, that is, M is a minimal surface in S'^(l) x M. 



Proof. Since the mean curvature vector if of M is parallel, that is, V H = 0, from (12. 7p . 
we have 

A. = -(/3i + /33)/3itan^, (3.1) 

(/3i)x + (/53). = A/3itan^, (3.2) 

and 

Xy = -a{(3i + (33) (32 tan 6, (3.3) 

{f3i)y + {(33)y = a\^2tane. (3.4) 

From ([23]) and ([SH]), we get 

Pi + = cot^ OiX^ + sin^ 9) > 0. 

Thus we can set 

/3i = cot OVX'^ + sin^ 6 cos 7, 
^2 = cot OV A^ + sin^ 9 sin 7, 
for some function 7 on M. 
Taking the derivatives of (13. 5p . we obtain 

Wi). = + -B^^Pi cot^ 6, (3.6) 
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(3.5) 



{Pl)y = -P2ly + ^^hcoi'e, (3.7) 

mx = + iJ^(32 cot' e, (3.8) 
Pi + P2 

my = Pay + -^^^P2COt'e. (3.9) 
Pi + P2 



Using (ElD-dSJD, <n and ([33]), from (12J0D we get 

— ly - = 2A/33 cot 6. 

a 

Using (El]), dM]), (EZD and ([MD, from f l2lT|) we get 

-2A/32Cot^. 
From f l3.10p and (13. lip we have 



— ly + I3l7x 

a 



(3.10) 



(3.11) 



ly 



-^^^/?.(/3i + /33), 



2aX cot 6* 



(3.12) 



(/3i/33-/3|)- 



(3i + /3| 

Putting flXT^ into ([XS])-(IS3]), from (EH]), and ([S3D, we have 



A 



xy 



tan^ 
tan^ 



(/3i),(/3i + /33) + /3i(/3i + /33), 
( iPi + /?3) f - /327. - ?^^A/?2(/3i + Ps) 



tan6'|(/3i + /33) 
/32(/3i + /33)- 



aA cot 6 



PI + /3| 



Pi + /3| 

2/32(/3i/?3-/?2) + /?i/32(/3i + /?3) 
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aA/3i/?2 tan6' 

aA/3i/32 tan^ 



1 



Similarly, we also obtain 



(3/3i^3 - 2^1 + Pi) - aA/?i/32 tan^ ^. 



A 



yx 



tan ^ 



— tan 9 



axWi + Ps) + aWi + P^)x + a(/32),(/3i + /^s) 
aAcot e/32(/3i + Pz) + aA/3i/32 tan^ - a(/3i + (3^) ^^^^l^ 'ipihi.Pi + ^^3) 



/32(/3i + /33)- 



aA 



r(3/3i/33 + 2^1 - Pi) - aX(3i(32 tan^ 9. 



(31 + (3, 

Since a > 0, from the integrable condition X^y 

A/32(/3i + /33) = 0. 



Xyx, we have 



(3.13) 



We claim that A(p) = for any p G M. Then from (13. ip and (13. 3p we get f3i + (3s = 
since /3i and /32 cannot be zero simultaneously. Hence M is minimal in S'^(l) x M. 

To prove the claim, we discuss the equation (13.130 in two cases. 

Case 1. /32 7^ at some point p E M. 

In this case, there exists a neighborhood U oip such that A(/?i + (3^) = in t/. If A(p) 7^ 0, 
then there exists a neighborhood y C ?7 such that /3i + /33 = in y. This contradicts 
(1^ . Hence A(p) = 0. 

Case 2. /32 = at some point p G M. 



First we assume that there exists a neighborhood U oi p such that /32 = in U. Then we 
get, in [/, 

= -Acot^(/?i-/?3) 

from fl2.10p and (13.21) . On the other hand, from fl3.6l) and fl3.ip we have, in U, 

= -Acot^(/3i + /33). 

If \{p) 7^ 0, there exists a neighborhood V C U such that Xy^OinV. Then (3^ = in V. 
Hence, /3i = in ^ from fCT?]) . This contradicts Pf + /3| > 0. Hence X{p) = 0. 

Otherwise, there exists a sequence {gij^i approaching p such that /52((j'j) 7^ 0. Then 
A(gi)(/3i + /33)(gi) = 0. By taking the hmit, A(p)(/3i + I^^M = 0. If X{p) ^ 0, then 
+ /33)(j9) = 0. From f l3.13p . there exists a neighborhood U of p such that A 7^ in [/, 
which imphes /32(/3i + /^s) = in f/. Taking derivatives with respect to x and y, using 
(EII])-(E3D, (O and (EH, we get 

^^^^^^^^ + ^^)^^°-^ + AA/?2tan.^0, (3.14) 



f l335|) x/3i-( l314l) XQ;/3o. we have, in U, 



Pi + PI 

- Rl:\ pot /9 

+ aA/32^tan^ = 0. (3.15) 



2aA/3i(/3i + /33)(/3i/33-/3|)cot^ , 



^^^A(/3i + /33)(2/??/33 - /3i/32' + hPl) = 0. (3.16) 
Pi + "2 



Since /32(p) = 0, we can assume (5i{j>) > without loss of generality. Hence Psi^p) < 
from (/3i + /33)(p) = 0. Then there exists a neighborhood V C U such that /3i > 0, /Ss < 
in V. Thus in V, we have 

2/3^/33 - + 13.-^13^^ < 0. 
Then (13.160 implies that /3i + /^s = in V^. This contradicts (13. 2p . Therefore, A(p) = 0. 
Hence we have proved the claim and completed the proof of Theorem [H □ 

4. Classification of minimal and constant angle surfaces 

In this section, we consider the minimal and constant angle surface M in S'^(l) x M. 

Lemma 2. Let M be a minimal and constant angle surface inS^{l) x R. Then the shape 
operators with respect to ^ and rj are, respectively, 

where j3i and ^2 are constants, satisfying /3l + = cos^ 6. 

Proof. From (12. 4p and the minimality of M in §^(1) x M, the shape operator associated 
to ^ is 
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Hence, we have 

VtT = VtQ = VqT = VqQ = 0, 

which means that M is fiat. The coordinates {x, y) on M now can be chosen such that 
d, = T,dy = Q {i.e. a = l). 

From the minimality of M in S^(l) x M, the shape operator A^j becomes 



/3l ^2 

h -Pi 



The equations of Gauss, Ricci, and Codazzi f l2.9p - fl2.lip are 

Pi + = cos^ e, 

The above equations yield that both j3i and P2 are constant. □ 

Now let us consider S^(l) x R as a hypersurface in and denote dt by (0, 0, 0, 0, 1). We 
obtain the following classification theorem. 

Theorem 3. A surface M immersed inE>^{l) xM. is a minimal and constant angle surface 
if and only if the immersion 

F: M ^ §^(l)xMcE^ 
{x,y) t-^ F{x,y) 

is {up to isometrics of S^(l) x M) locally given by 

F{x, y) = (ci cos(/iix + z/22/), Cl sin(/iix + 1^2?/), C2 cos(/i2a:: - i^iy), , , 

■ ( \ ■ a\ ^^-2) 

C2 sm(/i2X — v\y), X smt/j, 

where 9 G (0, |) is the constant angle, ui G [1,1 + cos^ 6*] is a constant, and V2, /^i? ^^2, 
Cl, C2 are nonnegative constants given by 

2 1 + cos^ 9 — 2 ^1 cos^ ^2 2 /I 2 

^2 = —. 2 ■ 2/) ' ^1 = 1 2 • 2/j ' /i2 = 1 + cos e - //i , 

o ^ — siii^ ^ T cos^ 6* 



^1 ~ 1 , ___9 /I -.2 _2 /I' ^2 



1 + cos2 ^ - sin^ ^ ^ 1 + cos2 6* - /y2 sin^ 6* 

Proof. First we prove that the given immersion (14. 2 p is a minimal and constant angle 
surface in §^(1) x M. To see this, we calculate the tangent vectors 

Fx =(-/"iCi sin(//ix + 1^22/), /WiCi cos(^ia; + z/2?/), -Ai2C2 sin(;U2a: - ^ly), 
IJ2C2 cos{iJ,2X - i^iy), sin 9) , 
={-u2Ci sm{fiix + U2y),J^2Ci cos(/iiX + h'2y),iyiC2sm{n2X - uiy), 
- V1C2 cos{fj,2X - z/i?/), 0). 
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The normal iV of §^(1) x M in EMs 

= (ci cos(/iia; + z/22/), Ci sin(/iia; + 1^2?/), C2 cos(/i2a: - i^i?/), C2 sin(/i2X - uiy),0). 

Let 

^ =(/iiCi tan6' sin(/iix + 1^211), — /^iCi tan6' cos(/iix + 1^21/), yU2C2 tan6'sin(/U2X — i^iy), 

— /i2C2 tan 6' cos(/i2a^ — '^iZ/), cos 6'), 
^ =(-C2 cos(/iiX + z/22/), -C2 sin(/xia; + V2y),Ci cos(/i2X - uiy),Ci sin(^2a^ - i^iZ/), 0). 

We can verify that F^, Fy, ^, rj, N are orthonormal in E^. Thus {C,,f]} is a basis of the 
normal plane of M in §"^(1) x M. Moreover, we have 

dt = sin 9 Fx + cos 6^, 

which means that the angle between dt and the normal plane is constant 6. 

Furthermore, we can calculate the shape operators with respect to ^ and 77 on M in 
X M respectively, 

. _ , \ ^ _( P[ ^'2 

" ' j ' ^"^-(p'^/s'. 



where 



^, _ ni _ {^i - l)cos6' , _ z/i COS 9^J 1 + cos^ - vl 



^l-vlsinH' Vl - sin^ 6 

Therefore, M is a minimal surface in S'^(l) x M. Moreover, we can see that {P'lY + = 
cos^ 6. 

Conversely, let us consider M as an immersed surface in E^ with codimension 3. Denote 
by D, V"*" the Euclidean connection and the normal connection of M in E^, respectively. 
For the immersion F = (Fi, F2, F3, F4, F5) : M x M C E^, we have three unit 

normals 

iV= (Fi,F2,F3,F4,0), 

^ = (?1,6,?3,?4,C0S6'), 

where is normal to x M with the shape operator Aj^. 

For simplicity, we denote the first four components of a vector in E^ by adding a tilde on 
it, say F = {F, F5), etc. 

Noticing that {T,dt) = {F^)^ = sin 9, {Q,dt) = {F^)y = 0, we can take F5 = a; sin 6* 
without loss of generality. 

For any X G TpM, we have 

= {x- {X, dt)du +{X- {X, dt)du v)v 

= -smecose{X,T)^. 



By the Weingarten formula, we have 

AnT = -DtN + 

= -(F^.,0) -sin^cos^(|,cos^), (4.3) 

AnQ = -DqN + V:^N 

= -{Fy,0). 

Thus the shape operator associated to is 

T / -sin^^ 
An-[^ -1 

Comparing the first four components of (14. 3p . we get 

= -tan6'(Fi)a;. 

Taking iX,Y) = {T,T),{T,Q),{Q,Q) in DxY = \/xY + hiX,Y), and X = T, Q in 
Dxf] = —ArjX + VxT] respectively, we get the PDE system for 2 = 1, 2, 3, 4, 

{Fi),, = P,r]i-cos^9Fi, (4.4) 

(Fi)x, = ^2Vi, (4.5) 
{F,)yy = -f3,r],-Fi, (4.6) 

iv^). = -^iF,),-P2{F,)y, (4.7) 

{m)y = -^iF^h + ^liF,)y, (4.8) 
COS"' 6 

where /3i and (32 are as in Lemma [2j Obviously, the integrable conditions are all satisfied. 
Moreover, we have = — tan6'(Fj)2; and F5 = xsin^, = cos 9, 775 = 0. 

In the following, we will solve the above PDE system in three cases. 

Case 1. /32 = 0. 

In this case, we can choose the direction of r] such that /3i = cos 6' > 0, and then the PDE 
system becomes 

(i^i)xx = COS % - cos^ eFi, (4.9) 

iFi),y = 0, (4.10) 

{Fi)yy = - cos er]i-Fi, (4.11) 

im). = ^(i^i)x, (4.12) 

cos 6 

{r]i)y = cos e{F,),. (4.13) 

From f l4.10p . we know that the solution has a separating form: Fi{x,y) = fi{x) + gi{y). 
Denote p = Vl + cos^ 9. Taking the derivative of f l4.9p with respect to x and using fl4.12p . 

we get 



and then //(x) = ki cos(px) + k sin(px). Taking the same operation with respect to y, 
find the solution has the form 

Fi{x, y) = Ai cos(px) + Bi sin(px) + Cj cos(py) + Di sm{py). 

We can derive from f l4.9p that 

A- B 

rii{x,y) = ^cos(px) ^sin(p2;) + Cj cos 6* cos(py) + A cos 6* sin(p2/), 

cos 9 cos 9 

and we can also check that f l4.1ip -( l4.13p are all satisfied. 
Since 

{Fi)x = p{Bi cos(px) - Ai sin(px)) , 
{Fi)y = p{Di cos(p2/) - d sm{py)) , 

= — ptan 6'(i?j cos(px) — sin(px)) , 
and Frc, Fy are orthonormal, we have 

cos^ e = J2{{Fi),f =P'{Y1 cos'(px) + J2 A' sin^ipx) - J] AB, sin(2px)) , 

i i i i 

1 = E((^^)^)' =p'iJ2 A' cos2(py) + E - E ^^^^ sin(2py)), 

i i i i 

-BjDj cos(px) cos(py) + sin(px) sm(py) 

i i i 

- E cos(px) sin(p2/) - E A A sin(px) cos(p2/)) . 

i i 

Since X, j/ are arbitrary, we have 

i t i i 

E = E^.A = E AA = E = E = E AA = 0, 



and we can check that F^, Fy, ^, 77 are orthonormal. Hence, we have 

7^/ N cos 6' / cos6' . , ,^ 1 . 1 . , v_ 

(x, t/j = cos(pxjei H sm(pxje2 H — cos[py)e3 H — smfpy )e4. 

P P P P 

where {ei}^^i is a fixed orthonormal basis of E^. If we choose ci = (1,0,0,0), 62 
(0, 1, 0, 0), 6*3 = (0, 0, 1, 0), 6*4 = (0, 0, 0, —1), the surface is locally given by 

/ cos6' cos6' 11 \ 

F(x,y) = cos(px), sm(px), - cos(py), sm(py),xsm9 . 

VP P P P / 



This is the case vi = p = V 1 + cos^ 9 (hence pi = p, P2 = 1^2 = 0, ci = C2 = ^] 



10 



mil- 
Case 2. /3i = 0. 



In this case, we can choose the direction of t] such that (32 = cosO > 0. The PDE system 
becomes 

(F,),, = -cos2^F,, (4.14) 

{Fi)xy = cos 9rii, (4.15) 

{F,)yy = -F„ (4.16) 

iv^)x = - cos e{F,)y, (4.17) 

iVr)y = ^(i^.)x. (4.18) 

cos & 

Solving fl4.14p and fl4.16p . we find that the solution has the form 

Fi{x, y) = Ai cos{x cos 6) cos y + Bi cos(x cos 9) sin y 
+ Ci sin(x cos 6) cos y + Di sm{x cos 6) sin y. 

We can derive from f l4.15p that 

rji = Di cos{x cos 9) cos y — Ci cos{x cos 9) sin y 
— Bi sm.{x cos 9) cos y + Ai sin (a: cos 9) sin y, 

and we can check that f l4.17p and f l4.18p are satisfied. Moreover, we have 

{Fi)x = cos 9{Ci cos{x cos 9) cos y + Di cos{x cos 9) sin y 

— Ai sin{x cos 9) cos y — B^ sm{x cos 9) sin y) , 
{Fi)y = Bi cos{x cos 9) cos y — Ai cos{x cos 9) sin y 

+ Di sin(x cos 9) cos y — Ci sin(x cos 9) sin ?/, 
ii = — sin ^(Cj cos(x cos 9) cosy + A cos(x cos 9) sin?/ 

— Ai sm.[x cos 9) cos y — Bi sin(a; cos 9) sin ?/) . 

From the fact that Fx-, Fy, ^, r] are orthonormal, a similar discussion as in Case 1 yields 

F{x, y) = cos(x cos 9) cos yci + cos(a; cos 9) sin ye2 

+ sin(a; cos 9) cos ye^ + sin(x cos 9) sin ye^, 

where {ei}f^i is a fixed orthonormal basis of E^. If we choose ei = (:^,0, e.2 = 

(0, ^, 0, -^), 63 = (0, ^, 0, ^), 64 = (-^, 0, ^, 0), the surface is locally given by 

F{x, y) =( cos{x cos 9 + y), sin(x cos 9 + y), —= cos{x cos 9 — y), 
Vv2 v2 v2 

— ^ sin(x cos 6* — y) , X sin 6*^ . 

This is the case ui = 1 (hence /ii = /i2 = cos^, 1^2 = 1, Ci = C2 = in (14. 2p . 
Case 3. ft/^z ^ 0. 
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Taking the derivative of equation (14.41) with respect to x, and using equation (14. 7p . we 
get 

(i^i)xxx = %^iFi). - cos' 9{F,), - l3MF,)y. 

Taking the derivative with respect to x again, and using equations (14. Sp . (14. 4p . we get 

(i^^).... = ( ^Ti - Pi - cos' e] (F,),, - Pi cos' OF,. (4.19) 

\ cos"' 6 J 

Similarly, taking the derivative of equation (14. 6 p with respect to y twice, and using equa- 
tions (US}, (USD, dlSl), we get 



COS u 

and 



'p.\ -( ^1 B'-l\iF^ 

'yyyy y ^^^1 Q J ^ ' yy COS^ 9 



(4.20) 



The characteristic equation of (I4.19P is 



/ + ( + Pi + cos' 9]z' + Pi cos' 9 = 0. (4.21) 



cos^ 9 

Denote bi = -^^-g + /3| + cos^ 9 and Ci = /3| cos^ 9. Considering equation (I4.2ip as a 
quadratic equation in u = z', the discriminant is 

cos* 9 cos"^ 9 

Since Ci > 0, the two negative roots u = —fi' and u = of the equation are 



2' V rz 2 

where we assume > 0, /i2 > 0. 
Similarly, the characteristic equation of (I4.20p is 



+ ( ^ + + 1 V' + ^ = 0. (4.22) 



cos^ 9 J cos^ 9 

Denote 62 = -^^-q + /^i + 1 and C2 = ^;j^Tg- Considering equation (I4.22p as a quadratic 
equation as above, the discriminant is 

A2 = ^2 - 4c2 = Ai > 

and the two negative roots are 

-1^1 = -^(&2 + v^), -1^1 = -^(62 - v^), 
where we assume ui > 0, 1^2 > 0. 
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Now we denote A = Ai = A2. Since (Fj)^^ + {Fi)yy = —(1 + cos'^ 9)Fi and i^if + i/| = 
/i2 + z^i = 1 + cos^ 9, the solution takes the form 

Fi{x, y) = cos(/iix) cos(i/2y) + c^^ cos(/iix) sm{u2y) + Cg "* sin(/iix) cos(z/2y) 
+ 04'' sin(/iix) sin(i^2Z/) + C5 cos(^23^) cos(z/iy) + Cg ■* cos(/i2x) sin(i^i?/) 
+ Cy'' sin(/Z2x) cos(z/iy) + Cg^ sin(//22^) sin(z/iy). 
We can derive rji from fl4.4p . 

Pi 

COS^ ^2 

= — —[c{^ cos(/ii2;) cos(z/22/) + Cg'' cos(/iix) sin(z/2?/) 

Pi 

+ Cg ^ sin(^i2;) cos(z/22/) + C4 ■* sin(/iix) sin(i/22/)) (4.23) 

+ ^ — ^(4*^ cos(/i2a;) cos(i^iy) + 4*^ cos(/i2x) sm{uiy) 
Pi 

+ sin(/i22;) cos(z/i?/) + 4*'' sin(/i2x) sin(z/it/)). 
On the other hand, from (14. 5 P 



1 



n {Fi)xy 
P2 



■(4 cos(/ii2:) cos(z/22/) — 4 cos(/iix) sin(z^2y) 
P2 

— 4*'' sin(/iix) cos(z/22/) + 4*^ sin(//ia;) sin(z/2?/)) (4.24) 

+ ^(4*'' cos(^22;) cos(z/i?/) — Cj^ cos(/i2x) sin(i^i?/) 
P2 

— 4*"* sin(/i2a;) cos(z/iy) + 4*^ sin(^2a^) sin(z/iy)). 

Comparing the first four terms, we find that 

cos^ 6-^1 (i) _ (i) cos^ 0- fJ-i (i) _ /ilt^2 (i) 



-c 



1 5 



/?1 ' /32 ' /3l ' /32 

COS^ 6* - /if (i) _ //it/2 (i) COS^ ^ - ^1 (i) _ ^lt^2 (i) 

/3i ~ /32 ' /3i " /32 

Since /ii > 0, > 0, z^i > 0, z/2 > 0, 

cos^ t/ 

2(cos2 ^ - /x^) = fif - + Va > 0, 

cos^ u 



we have that 



f)^ = (4^))^(4^))^ = (4^))^. 
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Similarly, comparing the last four terms of fl4.23p and fl4.24p . we obtain that 



Furthermore, we have for > 0, 



JO _ _„(0 „(0 _ „(0 JO _ „(0 JO _ _„(0. 

t-l — '-4 ' '"2 ~ "^S ' "-5 ~ ''S ' "^6 ~ '"7 ' 

and for /3i/32 < 0, 

JO _ JO „(0 _ _„(0 JO _ _ JO „(0 _ JO 

L-l — '-4 ) ''2 ~ "-3 ' ''S ~ "-S ' ''G ~ ''7 • 

Hence, for /3i/32 > 0, we can set 

Fi{x, y) = Ai cos(/iiX + 1^2?/) + -Bi sin(/iix + U2y) + Ci cos(/i2X - viy) + A sin(/i2a; - viy). 
In fact, we can easily verify that the solution above satisfies the PDE system fl4.4p - fl4.8l) . 
Moreover, using the fact that F^, Fy, ^, rj are orthonormal, we can derive that 

F(x, y) = ci cos(/iix + i^2y)ei + ci sin(^ia: + z/2|/)e2 
+ C2 cos(/i2X - i^i2/)e3 + C2 sin(/i2X - z/i2/)e4 



where {cj}^^]^ is a fixed orthonormal basis of E^, ci,C2 are positive constants satisfying 

4- ~ 

by 



c? = ''i \ , Cn = A— ^- If we choose the natural basis of E^, the surface is locally given 



F{x,y) = (ci cos(/iiX + 1/2I/), ci sin(/iix + z/2?/), C2Cos(^22; - i^il/), 
C2 sin(/i2X — yiy),x sin ^) . 



This is the case 1 < z/i < Vl + cos^ 6' in ( Ol) . 

Similarly, for /3i/32 < 0, the surface is locally given by 

F{x,y) = (ciCos(yUiX - 1^2?/), Ci sin(/xi2: - i^2y) , C2 cos{fi2X + i^iy) , 
C2 sin(/i22: + Uiy), x sin 6*) . 

If we change the coordinate to be {x, —y}, then this is the case 1 < ui < a/ 1 + cos^ 9 in 



Here we need to derive the relations among the constants z/i, U2, yUi, /i2, ci, C2 when 

,,2_ /3i 
2 cos-^ 



1 < 1^1 < Vl + cos^ 9. In fact, by the definitions of I'l and 1^2, we have i^f i^f = and 



^l^ + ^2' = ^+/3l^ + l 

COS"' 



22, 2 n 2/)22ii 

l^]^ 1^2 + COS y — COS tlUi Z^2 + 1 

sin^ 6' + cos^ 6* + 1. 
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Since 1 + cos^ 9 < when ^ G (0, |), we have = "jrp^^^s^^- By a direct computation, 
we have 

2 -, 2 /, 2 ^1 cos^ 6* 

/il = 1 + cos ^ - Z/2 = . 2 , 

1 — ui sm 

fil = 1 + cos^ 6* — z/^, 



1/2 - 1 1 - ;y2 31^2 ^ 



c2 = _ 

^ l + cos2^-i/2sin2e' 

9 1 — Z/n COS^ ^ 



2 z/^-z/l l + cos2^-z/2sin2e' 
Hence we complete the proof of Theorem [31 



□ 
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